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Abstract—The pseudo self similar processes are quite attractive due to their simplicity but the question we are interested
in this paper concerns the basic estimation of such models. How do the standard estimators (sample mean and variance)
converge with time? This will give us an indication about the time we have to collect data in order to accurately model
them. With no surprise we notice that this is dependant of the Hurst parameter of course and on the number of states
the model has (which defines the domain in which the behavior is self-similar). One has to collect more data with higher
Hurst parameters and with more states in the Markov chain to accurately estimate the mean and variance of the process.
Outside the domain where the process is self similar, standard statistics methods apply.

Index Terms—Pseudo self similar process, traffic engineering, modelling.

✦

1 INTRODUCTION

SINCE the measurements done at Bellcore in
the nineties [1] it has been generally admit-

ted that network traffic exhibits self-similarities
and long range dependance. It has also been
seen that the pseudo self similar models [2], [3]
are especially attractive to represent data traf-
fic [4] although there are still queueing prob-
lems which have to be well explained (future
work). There is also a nice work which have
been done [5], [6] which explaines how TCP
generates pseudo-self-similarity. More gener-
ally than traffic engineering the pseudo self
similar processes have the potentiel to model
different kind of data. To generate data having
a pseudo self similar behavior, it has quite re-
cently been found [7] that the generator based
on multiplexing ON/OFF sources may perform
better than generators based on chaotic maps.
Such statistics have already been conducted for
self similar processes [8] but certainly not for
pseudo self similar processes.
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2 MARKOV MODEL

Here, we investigate the use of a simple, dis-
crete time Markov modulated model for repre-
senting self-similar data traffic. Xt is assumed
to be 0 or 1 during the tth time slot, namely
during time interval [t−1, t). The Markov mod-
ulated chain is assumed to be stationary and
homogeneous. Let Yt = i be the modulator’s
state i, i ∈ 1, 2, 3, ..., k at time t. The arrivals
of cells are modulated by a k-state discrete
time Markov chain with transition probabilities
aij(t1, t2) = Pr(Yt2 = j|Yt1 = i), aij(t, t+1) = aij .
Let φij denote the probability of having j cells
given that the modulator’s state is i. More
specifically φij(t) = Pr(Xt = j|Yt = i). The
Markov modulated chain state probabilities are
noted as πi(t) = Pr(Yt = i), i is referred to
as the modulator’s state and t to the time.
All the moments are equal and no longer time
dependent.

E{Xk
t } = E{X} = �πΛ�e

with �π = (π1, π2, ..., πn) and �e the unity vector.
Λ is defined as

diag(E{X|Y = 1}, E{X|Y = 2}, ..., E{X|Y = k}).
If Nm represents the number of arrivals in a
window of m time intervals, the variance of
Nm can be written ([2], [3])
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V ar{Nm} = mE{X} − m2(E{X})2+
2(

∑m−1
i=1 (m − i)(�πΛAi+1Λ�e))

where, according to the family of models
proposed, A is equal to⎛⎜⎜⎝

1 − 1/a − ... − 1/ak−1 1/a · · · 1/ak−1

b/a 1 − b/a · · · 0
· · · · · · · · · · · ·

(b/a)k−1 0 · · · 1 − (b/a)k−1

⎞⎟⎟⎠
with a < 1 and

Λ =

⎛⎜⎜⎜⎝
1 0 · · · 0
0 0 · · · 0
· · · · · · · · · · · ·
0 0 · · · 0

.

⎞⎟⎟⎟⎠
It can be shown that this process exhibits

self-similarities over a finite timescale [2]. The
Markov chain is drived by only 3 parameters:
a, b plus the number of states in the Markov
chain k. Here, the expectation is given by

E{X} =
1 − 1/b

1 − 1/bk

with limn→∞ E{X} = 1 − 1/b and 1/b < 1.
In this case, Markov chains have a self-similar
behavior over all timescales.

3 CONVERGENCE OF THE MEAN AND

VARIANCE ESTIMATORS

This section is concerned with the question
of how long one must observe the traffic in
order to accurately estimate the mean and the
variance (in order to determine a and b in
our model). We will see that the self-similarity
(long-rage dependences) has important conse-
quences for parameter estimation. Many esti-
mators are more biaised and converge much
more slowly than in the usual short range case.

3.1 Variance of the sample mean

Although the mean of the sample mean is
trivial, one can be interested by the variance
of the sample mean. Let Xt a discrete sta-
tionary process, pseudo self-similar, defined in
Section 2, X = (Xt : t ≥ 0). By definition,
the variance of the sample mean is given by

V ar{X̂} = E{X̂2}−E2{X̂}E{X̂2} can be writ-
ten

E{X̂2} = E

[
(X1 + X2 + · · · + Xn)2

n2

]

E{X̂2} =
E{∑n

i=1 Xi + 2
∑n

i=1

∑n−1
j=i+1 XiXj}

n2

E{X̂2} =
1

n2

n∑
i=1

E{X2
i } +

2

n2

n∑
i=1

n−1∑
j=i+1

E{XiXj}

where E{XiXj} are the terms due to the corre-
lation. These terms can introduce both a strong
biais and a very low convergence of the estima-
tor. The double sum can be written

n∑
i=1

n−1∑
j=i+1

E{XiXj} =
n−1∑
i=1

(n − i)E{X0Xi}

if the process is stationary in the wide
sense (WSS), in other words if E{X0Xi} =
E{XjXi+j}. Finally,

E{X̂2} =
�πΛ2�e

n
+

2

n2

n−1∑
i=1

(n − i)(�πΛAiΛ�e)

The variance can be written

V ar{X̂} = E{X̂2} − E2{X̂} = σ2{X̂} =

=
�πΛ2�e

n
− (�πΛ�e)2 +

2

n2

n−1∑
i=1

(n − i)(�πΛAiΛ�e)
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Fig. 1. σ{X̂}/X as a function of log10(n) for a 5-state
Markov chain with Hl=0.7/0.75/0.8/0.85/0.9, E{X}=0.05

This formula is valid for each discrete mod-
ulated Markov process described in Section 2.



The figure 1 shows σ{X̂}/X as a function
of log10(n) for a 5-state Markov chain. If we
compare the same quantity for a pseudo self-
similar process, one can show in figure 1 that
the decaying of the variance of the estimator
is the same after a certain number of samples.
This number varies with the local Hurst pa-
rameter of the process. For Hl = 0.7, the knee
is very apparent. At the beginning, for small n
(n ≤ 500), the slope of the curve is −0.6 and
for large n (n > 500), the slope of the curve is
−1. Intuitively, we see that the knee separates
the self-similar and the Poisson behavior of
the process. Notice here that the sample mean
can be computed on-line with the following
formula:

X̂n =
1

n

(
(n − 1)X̂n−1 + Xn

)
and the sample variance ̂V ar{Xn} by

1

n − 1

(
(n − 2) ̂V ar{Xn−1} + (Xn − X̂)2

)
If we consider the aggregation now, one can
observe that if X tot

t =
∑n

i=1 X
(i)
t and X

(i)
t are

independant, V ar(X tot
t ) = nV ar(X

(i)
t ). So

√
V ar{X tot

t }
E{X tot

t } =

√
V ar{X(i)

t }√
nE{X(i)

t }

3.2 Mean of the sample variance

Here again, we will consider the general case
of Markov modulated processes. The structure
we studied depends only on 3 parameters: a,
b and n. The local Hurst parameter Hl can be
obtained from the variances but the estimation
of it can be difficult, especially for large Hl. By
definition

̂V ar{X} =
1

n − 1

n∑
i=1

(Xi − 1

n

n∑
j=1

Xj)
2

After a staightforward calculation, we find that

(n − 1)E{ ̂V ar{X}} =

nE{X2} − 2

n

n∑
i=1

n∑
j=1

E{XiXj} + E{
n∑

j=1

Xj}

but

(
n∑

i=1

Xi)
2 = nE{X2

t } + 2E{
n∑

i=1

Xi

n−1∑
j=1

Xj}

and
n∑

i=1

n∑
j=1

E{XiXj} = nE{X2}+2E{∑
i=1

nXi

n−1∑
j=i+1

Xj}.

One can find that

(n − 1)E{ ̂V ar{X}} =

(n + 1)E{X2} +
2

n
{

n∑
i=1

n−1∑
j=i+1

E{XiXj}

−nE{X2} + 2E{
n∑

i=1

n−1∑
j=i+1

Xj}} =

(n − 1)E{X2} − 2

n

n∑
i=1

n−1∑
j=i+1

E{XiXj}

Assume now that the process is WSS. In this
case, the above expression becomes

(n − 1)E{ ̂V ar{X}} =

(n − 1)V ar{X} + (n − 1)E2{X}

− 2

n

n∑
i=1

n−1∑
j=i+1

(Cov{XiXj} + E2{X}).

It can be shown that
n∑

i=1

n−1∑
j=i+1

E2{X} =
n(n − 1)

2
E2{X}

and
n∑

i=1

n−1∑
j=i+1

Cov{XiXj} =

n−1∑
i=1

(n − 1)Cov{X0Xi} =

n−1∑
i=1

(n − i)C(i)

So, we find that

E{ ̂V ar{X}} =

V ar{X}
[
1 − 2

n − 1

n−1∑
i=1

(1 − i

n

C(i)

V ar{X})

]
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Fig. 2. E{ ̂V ar{X}}/V ar{X} as a function of log10(n)
for a 2-state Markov chain with b=1 and a=2/100

with
C(i) = �πΛ(Ai − �e�π)Λ�e

and
V ar{X} = �πΛ2�e − (�πΛ�e)2

Now, look at the figure 2. We consider two
2-state Markov chains, when a = 2 and
when a = 100, b = 1. In the first case,
the process is uncorrelated and the estima-
tor of the variance unbiaised. In the sec-
ond case, the process is positively correlated
and need to converge. E{V̂ arX} converges if∑n−1

i=1 C(i)(1 − i/n) converges when n → ∞.
(1 − i/n) ≤ 1 then it is sufficient to ex-
amine the convergence of

∑n−1
i=1 C(i). By hy-

pothesis this condition is true for each finite
modulated Markov chain as described in sec-
tion 2. We notice that E{ ̂V ar{X}}/V ar{X} ↑ 1
when C(i) > 0, ∀i because 2/(n − 1)

∑n−1
i=1 (1 −

(i/n)(C(i)/V ar{X})) > 0, ∀n > 1. This is not
the case when the process is negatively cor-
related. Figure 3 shows E{ ̂V ar{X}}/V ar{X}
for a 5-state Markov chain exhibiting self-
similarities on a finite timescale. As before,
the curve converges to 1 but much slower,
especially when Hl is large. If we consider
the aggregation now, one can observe that if
X tot

t =
∑n

i=1 X
(i)
t and X

(i)
t are independant,

V ar(X tot
t ) = nV ar(X

(i)
t ). So

E{V ar{X tot
t }}

V ar{X tot
t } =

E{V ar{X(i)
t }}

V ar{X(i)
t }
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Fig. 3. E{ ̂V ar{X}}/V ar{X} as a function of log10(n)
for a 2-state Markov chain with b=1and a=2/100

3.3 Variance of the sample variance

In this subsection, we are interested in ob-
serving the variance of the sample variance.
First, we must compute E{V̂ ar

2
X}, note that

E2{V̂ arX} is already known. By definition

̂V ar{X}2
=

1

(n − 1)2
(

n∑
i=1

(Xi − X̂)2)2

̂V ar{X}2
=

1

(n − 1)2

n∑
i=1

n∑
j=1

(Xi − X̂)(Xj − X̂)

This can be written

̂V ar{X}2
=

1

(n − 1)2
(
∑
i,j

X2
i X2

j − 2

n

∑
i,j,k

X2
i XjXk+

∑
i,k,l

X2
i XkXl− 2

n

∑
i,j,k

XiX
2
j Xk+

4

n2

∑
i,j,k,l

XiXjXkXl−

2

n3

∑
i,k,l,m

XiXkXlXm +
1

n2

∑
j,k,l

X2
j XkXl−

2

n3

∑
j,k,l,m

XjXkXlXm +
1

n4

∑
k,l,m,p

XkXlXmXp)

Finally ̂V ar{X}2
=

1

(n − 1)2
(

n∑
i=1

n∑
j=1

X2
i X2

j − 2

n

n∑
i=1

n∑
j=1

n∑
k=1

X2
i XjXk+



1

n2

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

XiXjXkXl)

One can simply verify this formula in setting
X = X1 + X2. Now, it is necessary to compute
E{Xs1

t1 Xs2
t2 Xs3

t3 Xs4
t4 } in the general case. Without

loss of generality, assume that t1 < t2 < t3 < t4
and si ∈ N , i ∈ N .

E{Xs1
t1

Xs2
t2

Xs3
t3

Xs4
t4
} =∑

x1,x2,x3,x4>0

xs1
1 xs2

2 xs3
3 xs4

4

Pr(Xt1 = x1 ∩ Xt2 = x2 ∩ Xt3 = x3 ∩ Xt4 = x4)

but

Pr(Xt1 = x1 ∩Xt2 = x2 ∩Xt3 = x3 ∩Xt4 = x4) =∑
i,j,k,l

Pr(Xt4 = x4 ∩ Xt3 = x3 ∩ Xt2 = x2∩

Xt1 = x1|Yt4 = l ∩ Yt3 = k ∩ Yt2 = j ∩ Yt1 = i)

Pr(Yt4 = l ∩ Yt3 = k ∩ Yt2 = j ∩ Yt1 = i)

=
∑

i,j,k,l

Pr((Xt4 = x4 ∩ Xt3 = x3 ∩ Xt2 = x2∩

Xt1 = x1|Yt4 = l)∩
(Xt4 = x4∩Xt3 = x3∩Xt2 = x2∩Xt1 = x1|Yt3 = k)∩
(Xt4 = x4∩Xt3 = x3∩Xt2 = x2∩Xt1 = x1|Yt2 = j)∩
(Xt4 = x4∩Xt3 = x3∩Xt2 = x2∩Xt1 = x1|Yt1 = i))

Pr(Yt4 = l ∩ Yt3 = k ∩ Yt2 = j ∩ Yt1 = i)

=
∑

i,j,k,l

Pr(Xt4 = x4|Yt4 = l)Pr(Xt3 = x3|Yt3 = k)

Pr(Xt2 = x2|Yt2 = j)Pr(Xt1 = x1|Yt1 = i)

Pr(Yt4 = l|Yt3 = k)Pr(Yt3 = k|Yt2 = j)

Pr(Yt2 = j|Yt1 = i)Pr(Yt1 = i)

E{Xs1
t1

Xs2
t2

Xs3
t3

Xs4
t4
} =∑

x1,x2,x3,x4>0

E{Xt4 = x4|Yt4 = l}Pr(Yt4 = l|Yt3 = k)

E{Xt3 = x3|Yt3 = k}Pr(Yt3 = k|Yt2 = j)

E{Xt2 = x2|Yt2 = j}Pr(Yt2 = j|Yt1 = i)

E{Xt1 = x1|Yt1 = i}Pr(Yt1 = i)

and finally

E{Xs1
t1

Xs2
t2

Xs3
t3

Xs4
t4
} = �πΛs1A12Λ

s2A23Λ
s3A34Λ

s4�e

A particular case is given by E{Xt1Xt2} =
�πΛA12Λ�e. The above formula is easily general-
izable. Taking the mean of the sample variance,
one obtains

E{ ̂V ar{X}2} =
1

(n − 1)2
(

n∑
i=1

n∑
j=1

E{X2
i X2

j }−

2

n

n∑
i=1

n∑
j=1

n∑
k=1

E{X2
i XjXk}+

1

n2

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

E{XiXjXkXl})

with

E{X2
i X2

j } =
n∑

i=1

E{Xi}4+
n∑

i=1

2(n−i)E{X2
0X2

i } =

�πΛ2AijΛ
2�e

E{X2
i XjXk} = �πΛ2AijΛAjkΛ�e

E{XiXjXkXl} = �πΛAijΛAjkΛAklΛ�e

with Aij = A|i−j| and A0 = identity matrix.
Now if we know in which state the chain is at
the beginning of the sequence, one can notice
that E{Xs

i |Y0} = (�π0A
i−1)Λs�e. It is obvious that,

for i → ∞, �π0A
i−1 → �πstationary.
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